The recently developed time-independent effective linear two-body method ͓J. Phys. B: At., Mol. Opt. Phys. 33, 55 ͑2000͔͒ has been generalized for time-dependent traps. The method is used to describe the dynamics of trapped Bose-Einstein condensates beyond the Thomas-Fermi regime. The calculated aspect ratios after ballistic expansion are found to be in good agreement with experimental data obtained recently by Görlitz et al. ͓Phys. Rev. Lett. 87, 130402 ͑2001͔͒.
I. INTRODUCTION
The newly created Bose-Einstein condensates ͑BEC͒ of weakly interacting alkali-metal atoms ͓1͔ stimulated a number of theoretical investigations ͑see recent review ͓2͔͒. According to the Hohenberg theorem ͓3͔, the BEC is impossible in ͑one-dimensional͒ 1D and 2D homogeneous Bose gases. But BEC can occur in inhomogeneous systems, for example, in atomic traps ͓4͔. The theoretical aspects of the BEC in highly elongated shaped traps ͑quasi-one-dimensional regime͒ have been reported in many papers ͓5-13͔. The GrossPitaevskii ͑GP͒ equation ͓14͔ is widely used to describe the experimental results for BEC. In Ref. ͓5͔ it was found that the GP predictions for nonlinear dynamics ͑the aspect ratio after ballistic expansion͒ are in good agreement with those observed in a recent experiment ͓15͔. We note that, a priori, it was not obvious that the GP equation gives the correct description of the nonlinear dynamics of the quasi-1D BEC.
Recently, an alternative method of equivalent linear twobody ͑ELTB͒ equations for many-body systems has been developed based on the variational principle ͓16 -19͔. It was shown that the ELTB method gives a good result for the ground state of Bose-condensed atoms in harmonic traps. The purpose of this work is to generalize the ELTB method ͓16 -19͔ for the dynamics of trapped Bose-condensed gases. A recently developed approximation ͓5͔ provides the possibility of avoiding extensive numerical integration of the time-dependent ELTB equation. As an example of its application, this approximation is used to describe the ballistic expansion of the BEC after the cigar-shaped trap is switched off. The calculated aspect ratios are found to be in good agreement with the GP calculations and with the recent experimental results ͓15͔.
In Sec. II we derive the ELTB method for the timeindependent trap. The accuracy of the ELTB method is confirmed by numerical computations. Section III considers the large-N limit. In Sec. IV, we developed an analytical formula for the lower bounds to the ELTB ground-state energy. Section V develops the analytical approximation for the timedependent ELTB equation. We conclude the paper in Sec. VI with a brief summary.
II. TIME-INDEPENDENT TRAP
For the stationary N-body system, our method for obtaining the ELTB equation consists of following two steps.
The first step is to give the N-body wave function (r 1 ,r 2 ,...) a particular functional form,
where 1 , 2 , and 3 are known functions. We limit 's to three variables in order to obtain the ELTB equation, since a relative motion in the two-body problem depends on one vector described by three component variables. We note that approximation ͑1͒ allows us to study systems that are not spherically symmetric. The second step is to derive an equation for ( 1 , 2 , 3 ) by requiring that must satisfy a variational principle
with a subsidiary condition ͗ ͉ ͘ϭ1. H is the Hamiltonian.
This leads to a linear two-body equation from which both eigenvalues and eigenfunctions can be obtained.
To fix collective coordinates 1 , 2 , and 3 , we note that the hyper radius
for an isotropic case ͓16͔ and also collective variables
for an anisotropic case ͓17-19͔, yield good results for the dilute BEC of atoms in harmonic traps for both positive and negative scattering length. This success motivates us to introduce more general collective variables:
where optimal values of p 1 , p 2 , and q, restricted to even numbers, are to be chosen to minimize the energy. We consider N identical bosonic atoms confined in a harmonic trap with the following Hamiltonian:
We use the Fermi pseudopotential approximation for V int ,
where a is the scattering length. For the eigenfunction of H, we assume the following form:
where
The ELTB method leads to the equation for ,
͑9͒
Equation ͑9͒ simplifies if we introduce the new function u(r,z),
In terms of u(r,z) Eq. ͑9͒ reads
The effective potential V eff (r,z) is given by formula
͑17͒
To study the validity of the ELTB method, we consider an example of the ground-state of 87 Rb atoms in a harmonic trap, as investigated in Ref. ͓20͔ with the S-wave triplet-spin scattering length aϭ100a B , where a B is the Bohr radius, the axial frequency z /2ϭ220 Hz, and asymmetry parameter ϭ z / Ќ ϭͱ8. The calculated energies per particle E/N are compared with those obtained from the solutions of the GP equation ͓20͔ and with the variational Monte Carlo ͑VMC͒ calculations ͓21͔ in Fig. 1 . These comparisons show that the optimal choice of the parameters p and q greatly improves the results with pϭqϭ2 ͓17-19͔. For 100рN р20 000, the difference between our results and those of the solution of the GP equation ͓20͔ are about 2%, and the difference between our results and the calculations ͓21͔ are less than 1%.
Reference ͓22͔ proves that the GP mean-field theory describes correctly the energy and particle density of a dilute 3D Bose gas in a trap to the leading order in the small parameter a 3 ͑where is the mean density and a is the scattering length͒ when N is large but a is small with fixed Na.
We note also that for the case of lower dimensions d Ͻ3, it is known that the quantum-mechanical two-body t-matrix vanishes ͓23͔ at low energies. Therefore the replacement of the two-body interaction by the t matrix, as done in deriving the GP mean-field theory, is not correct in general for the dϽ3 case ͓24͔.
The ELTB can be applied to dϽ3 cases. where
and ⍀ is a set of (3NϪ3) angular variables.
Equation ͑24͒ may explain why the ELTB results are expected to be valid and are so close to the GP results for 3D dilute systems ( a 3 Ӷ1). However Eq. ͑24͒ is valid also for nondilute systems, while the GP mean-field theory is proven to be applicable for dilute systems. Therefore, we may expect that the ELTB approach will not be quantitatively equivalent to the solution of the GP equation for these cases. In our future work, we hope also to investigate the large gas parameter regimes ͓26͔.
Here we note that if scattering length a is larger than the van der Waals length r 0 ͓27͔, there is a regime when the Bose system is dilute, but with respect to r 0 , r 0 3 Ӷ1 ͓28͔. For these systems the three-body contributions, given by the Efimov effect ͓29͔, can become the dominant term of the energy functional ͓28͔.
III. LARGE-N LIMIT
To consider the large-N limit, we rescale variables r and z in Eq. ͑15͒,
and rewrite Eq. ͑16͒ as
In the large-N limit, ␥ in Eqs. ͑11͒-͑13͒ is of the order of unity and the expression for V eff (r,z) simplifies to
Quantum fluctuations are unimportant in the limit N →ϱ, and the most significant contribution to the groundstate energy is given by
where r 0 and z 0 are to be obtained from
Obviously Eq. ͑31͒ fails if the effective potential does not possess a minimum. Instead of variables r and z, we introduce the new quantities
where a Ќ ϭͱប/(m Ќ ). On making the substitution ͑33͒, Eqs. ͑27͒ and ͑30͒ become
and ϭ z / Ќ . In the case of large N(a/a Ќ ), solutions of Eqs. ͑35͒
give for the ground-state energy
.
͑37͒
Optimal values of pϭ4 and qϭ4 minimize the energy, Eq. ͑37͒, and we have
For the case of large N, one can obtain an essentially exact expression for the ground-state energy by neglecting the kinetic-energy term in the Ginzburg-Pitaevskii-Gross equation ͑the Thomas-Fermi approximation͒ ͓30,31͔ as
ϭ1.055 06. ͑39͒
Comparing Eq. ͑38͒ with Eq. ͑39͒, we can see that for the case of large N the ELTB method (pϭ4,qϭ4) is a very good approximation, with a relative error of about 2.5% for the binding energy ͑note that the pϭ2, qϭ2 case gives about 8.2% error for the binding energy͒.
IV. LOWER BOUNDS
In this section we formulate a lower-bound method for the solution of the ELTB equation ͑9͒. Following Ref. ͓5͔, we introduce auxiliary Hamiltonians
͑40͒
and
where ␥ Ќ and ␥ z are parameters, restricted by 0р␥ Ќ Ͻ1 and 0р␥ z Ͻ1, respectively. Using these auxiliary Hamiltonians we write the ELTB energy functional as
Omission of (H Ќ ϩH z ϪH Ќ ϪH z ) yields a lower bound for the ground-state energy. Projecting ͉ ͘ on the complete basis states ͉n͘, obtained from h͉n͘ϭ⑀ n ͉n͘,
we get
Therefore a set of optimal values of parameters ␥ Ќ and ␥ z , which maximizes our lower bound, will yield an optimal lower-bound value for the ground-state energy given by
Using this approximation we calculate the energy per particle, E/N, for the same case as in Fig. 1 . The calculated results are compared with those obtained from the numerical solutions of the ELTB equation in Table I . These comparisons show that the analytical approximation, Eq. ͑44͒, gives excellent results. The difference between E/N, Eq. ͑44͒ and numerical solutions of the ELTB equation is less than 0.07% for 100рNр5000 and less than 0.006% for NϾ5000.
V. TIME-DEPENDENT TRAP
In this section, we consider N identical bosonic atoms confined in a time-dependent harmonic trap with the Hamiltonian
To obtain the wave function, we apply the variational principle ␦Aϭ0,
͑45͒
where the action integral A is given by
and ⌿ (r,z,t) is the trial wave function.
This generalizes the time-independent ELTB equation ͓16 -19͔ for time-dependent traps and leads to the equation 
